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Motion of proton in double-well potential

Its possible role in the process of vision
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A quantum-mechanical model that allows direct calculation of the rate of proton transfer with possible application to the early events
in vision is presented. The rate is obtained in closed form in the linear-response approximation in terms of four parameters. The
model permits a simple calculation of these parameters and shows modest agreement with the experimentally determined rate

constant,

1. Introduction

Proton transfer has for many years been the
subject of active research in chemistry [1,2]. Its
possible role in the early events of vision con-
tinues to attract the attention of biochemists and
biophysicists as well [3-5]. The process is initiated
by the absorption of light by the 11-cis-retinal
chromophore of rhodopsin; the electronically ex-
cited rhodopsin then rapidly decays to produce an
intermediate species called bathorhodopsin [6]. The
precise mechanism of this primary process re-
mains a matter of considerable controversy. The
most common explanation ‘has been that light
causes the double bond at C-11 to isomerize from
the cis to trans configuration [7-10]. Picosecond
measurements [8] and molecular-dynamic calcula-
tions [11,12] indicate that this process may indeed
be very rapid. On the other hand, time-resolved
picosecond experiments performed by Peters et al.
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[13] suggest that the rate-limiting step governing
the production of bathorhodopsin involves proton
translocation to the Schiff-base nitrogen of retinal
in the excited state of rhodopsin. Their suggestion
is based on the strong deuterium-isotope effect
observed in the rate of formation of bathorho-
dopsin. Moreover, the strong non-Arrhenius ther-
mal dependence of the observed rate constant is
indicative of quantum-mechanical tunneling.

A variety of models have detailed mechanisms
describing the molecular events which follow exci-
tation of rhodopsin and lead to the formation of
bathorhodopsin [9-11,14,15]. However, there does
not seem to be sufficient information available as
yet on the structure of rhodopsin to permit an
unambiguous interpretation of existing kinetic
data.

Sarai et al. [16] have performed CNDO/2
calculations for a model of rhodopsin consisting
of the retinal chromophore hydrogen bonded
through the Schiff-base nitrogen to lysine, the
entire complex being isolated. The calculated
potential-energy curves for the motion of the
Schiff-base proton along a line between the two
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fixed nitrogens indicate that the proton moves in
an unsymmetric double-minimum potential well at
any conformation about the C,;-C,, bond rang-
ing from all-trans to all-cis (see also ref. 5). The
results of their calculations suggest that proton
transfer takes place in the excited state of
rhodopsin in a concerted way with isomerization
during the early stages of the visual process. How-
ever, they provide no quantitative expression for
the rate constants associated with any of the ele-
mentary steps.

In this article, we present a quantum-mechani-
cal two-state model calculation for the rate of
proton transfer, W, which may be relevant to the
early events of vision. The transfer rate can be
cast in closed form in terms of four parameters
using Fong’s prescription for radiationless relaxa-
tion in solids [17,18]. This requires that we first
determine a set of unperturbed (zero-order) energy
cigenstates of the system. In our model, we shall
find these states by invoking the double adiabatic
approximation [19], in which the motion of the
electrons is separated from that of all the nuclei
and, in turn, the motion of the proton is separated
from that of the heavier nuclei. The significant
rate parameters are as follows: Aeyy, the difference
between the minima of the potential-energy
surfaces corresponding to the ground (i =0) and
first excited (i = 1) states of the proton; w,,, the
normal mode frequency; g,, which is propor-
tional to the shift in the equilibrium position of
the normal mode and C;y, which is proportional
to the strength of the coupling between the pro-
tonic states.

In the present treatment transitions between
the zero-order protonic states are induced by the
nuclear kinetic energy operator. The basic as-
sumptions underlying this approach are: (1) the
heavy-nuclear motion is harmonic; (2) only a single
mode mediates the process and (3) the normal
medes in the initial and final states are parallel. In
particular, under these restrictions, the rate may
be represented by [17]:

Wio=(27) 872 Cpo| 203 TN, (P — )
Xexp[—gi(2nm + 1)]
xexp{ = (pn=»)[In(( P —#)/

gn(nm+ 1)) — 1]}, (1)
where
Cro= -~ (hswm/2)1/2A€1—01V]0 (22)
and
Aey = €,(0) — ¢, (0) (2b)

The term ¥V, is shown below (eq. 19) and the
remaining quantities p_, A,, g, and n_ are given
explicitly in ref. 17. In deriving eq. 1 we have also
assumed that only a single mode, Q,, of fixed
frequency mediates the process. Furthermore, this
expression is valid only if the following relations
between the parameters hold:

p= (ACIO — hoy, )/gzhwm >1 (33.)
p sinh(Bhw,/2) > 1 (3b)

To evaluate eq. 1 we must determine the rate
parameters de;,, Cyp, @, and g,,. We do this by
introducing a crude model for proton transloca-
tion in section 2. This model, however, does not
take explicit account of the role of isomerization.
This restriction is adopted in order to simplify the
subsequent theoretical developments.

2. Model for proton motion in double-well potential

For a given potential the motion of the proton
can be determined by the Schrédinger equation |

{~=(#*/2m,)V?+ V(r,R)} &,(r,R)
=€i(R)¢’i(r=R) (4)

where r denotes the proton’s coordinate and R

the collection of heavy-nuclear coordinates.

V(r,R) is the full adiabatic potential-energy
surface associated with the relevant electronic
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Fig. 1. One-dimensional model of the chromophore molecule
of rhodopsin.
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state. ¢,(r, R) is the Born-Oppenheimer protonic
energy eigenstate and ¢,(R) its corresponding ei-
genvalue. ¢; defines the effective potential seen by
the heavy nuclei.

In this model, the proton moves along a line
between atoms (or rigid groups) A and B (see fig.
1). The groups A and B are, in turn, bonded to the
remainder of the opsin matrix. Further, we assume
that the proton experiences a double-well poten-
tial, which we take to be a sum of two Morse
potentials centered on A and B (see fig. 1)

V= UAH + UAH (5)
Uati = Dan {1 - exp[ - (rAH - r/s?n)/dAB] }2 (62)

Ugn = Dgu {1 - exp[ ~(ragn— rgH)/dAH] }2
(6b)

Substituting egs. 5 and 6 into eq. 4, we obtain a
one-dimensional Schrédinger equation for the
Born-Oppenheimer protonic wavefunctions para-
metric in the single distance r,5 (see fig. 1). This
equation was solved by the standard three-point
finite-difference scheme [20-22]. The finite-dif-
ference mesh extended from —1.74 to 1.74 A,
where the position of the proton was referred to
the geometric center of A and B. At the end points
the potential was less than 10° cm™! in all cases,
which is sufficiently high that the protonic wave-
function can be well approximated by zero, as
required by the finite-difference method.
Considerable trial and error was required in
order to arrive at a set of Morse potential parame-
ters that yielded rate parameters in approximate
agreement with those determined from experi-
ment. As an initial ‘guess’ we fitted the two Morse

Table 1

Parameters of the model

Day = 9000 em ™!

Dpy = 8500 em ™!

day =dgy =065 A

A= rgn=0914

ma = mg=m =800 a.m.u.
Kuy=Kg=K=10x10*dys cm™!
= =096 A

L=5224

-2000[' B
=
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Fig. 2. Plot of model potential corresponding to the parameters
in table 1. Also shown are the lowest two eigenvalues and
corresponding eigenfunctions. r,5 = 3.30 A.

potentials to the potential-energy curves obtained
by Sarai et al. {16] using the CNDO method. For
simplicity, we set riy =rgy and d,g =dyy, thus
reducing the number of Morse parameters to four.
These results are listed in table 1. Fig. 2 shows
plots of the lowest two eigenfunctions. By chang-
ing the A-B distance and then recalculating the
eigenvalues for this new distance, we generated a
plot of ¢, vs. r,5 (fig. 3). From these curves the
value for the parameter Ae,, 1s obtained simply as
the vertical difference between the minima.

The normal modes of the heavy nuclei were
determined within the harmonic approximation.
Only the colinear motion of A and B is explicitly
taken into account, the remainder of the system
being treated as a rigid body of infinite mass. The
force constant and equilibrium distance for the
A-B interaction are found by fitting €, (r,5) to a
parabola

Ei(rAB)=KE(rAB_riO)2/2+ Vio i=0,1 (7

using three points about the minimum [23]. The
specific values of K, and r corresponding to the
chosen potential parameters are listed in table 2.
The masses (m,, mp) of the groups A and B and
the force constants (K, Kp) and equilibrium sep-
arations (r., rj) associated with the bonds be-
tween A and B and the remainder of the system
are additional parameters of the model and are
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Fig. 3. Plots of adiabatic potential-energy surfaces for heavy-
nuclear motion. Energy is measured in units of 1850 cm ™',

assumed not to depend upon the protonic state /.
They are entered in the model with typical values
(see below).

When the proton is in the ground state (i = 0),
the potential energy governing the heavy-nuclear
motion can be written

2
Uo(’A,rB) = %KA(rA_ ’/3)

+ 3Ky (rg—ra — r,fB)2

1 032
+7KB(L—rB—rB) (8)

Table 2
Computed parameters for the model

. r(? r,o A ’/{)B

@nem™ A A A A&
Hydrogen  5.4x10* 208 218 Q10 3.30
Deuterium  5.4x10* 207 214 007 330

where L is the total distance between the ends of
the effective protein cavity containing the groups
(see fig. 1). We assume that L remains fixed.
Defining Ar, and Arg as displacements of A and
B from their respective equilibrium positions, we
can rewrite eq. § as

Up(Ara.Arg) = 3Ka Ard + 3K (Ary — A"B)2
+ 31Ky Ar} (9)

The normal modes @, and @, are given in terms
of the displacements as [24]:

Q,=M)"?cos a Ar, + ml{? sin a Ary (10a)
Q,=m¥? cos a Arg — ml{® sin a Ar, (10b)
where

tan 2a = 2(mAmB)1/2K0/
[mAKA —myKy+ (my — mB)KO]

(11)

In the normal-mode representation, the poten-
tial energy for the heavy motion (with the proton
in the ground state i = Q) is given by .

Up(01,0,) = 36707 + 3030; (12)

When the proton is in the first excited state, this
becomes

Ui(01,0,) = 110, - 40))"

+102(Q,— 4Q,) +const.  (13)
with
AQ; = [mY? cos a A, +m¥? sin a Ag] '(14a)
AQ,=[mY?cos aAy—mi>sinad,] (14b)

The displacements of the equilibrium positions of
A and B are

AA= _KOKB A/[(KA +K0)(K0+KB)—K02]
(15a)

A=K Ko 8/[(Kn+ Ko)(Ko+ Kp) — K§]
(15b)

where

A=(r)-r) (16)
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is the shift in the equilibrium separation of A and
B (see fig. 3, where 4 is shown as the horizontal
displacement of the minimum).

For simplicity, we set.- K, = K=K and m, =
mp = m in the above equations. Then, substituting
into egs. 10 and 11, we obtain:

O = (m/z)l/Z[ArA +Argls w; = (K/m)]/2
(17a)

0, = (m/2)1/2["‘ArA + A"B]§

w, = [QKy+K)/m]"? (a7b)

where Ar, represents the atomic displacement.
The mode @; corresponds to the ‘external’ motion
of both A and B in concert; Q, is the ‘internal’
vibration of AB as a ‘diatomic molecule’. The
reduced displacement g; vanishes and

g2 =[m/(K+2K,)])° K2 &/ h(K +2K,)]
(18)

where A is the shift in the equilibrium separation
(rds) between A and B.

Taking the effective mass of the groups A and
B to be m =800 am.u. and the effective force
constant to be K~ 104 dyn em™', we compute
w, = 50 cm ! from eq. 17b. Then, using the values
of A (see table 3) obtained from the plots of fig. 3,
we calculate from eq. 18 the values for the dis-
placements g, (given in table 3). Note that the
difference between the g, for 'H and that for *H
arises solely from the factor A’ in eq. 18 in this
case, since K, shows no isotope effect.

In order to estimate the parameter C,,, we need
to compute the matrix element

Vo= fdrq"lk(r;rAB)(aV/arAB)¢0(r;rAB) | rap=ris

(19)
Table 3
Computed parameters from the model
Isotope W2 [Ci)? 82 Aeyg
(em™)  (erg?) (em™!)

Hydrogen 50
Deuterium 50

54 (~29) 1.58 1590
631(—30) 111 1100

This integral is approximated by means of the
extended Simpson’s rule [20], with the gradient
dV /dr,p evaluated in closed form from egs. 5 and
6. Once ¥V, is obtained a simple relation leads to
the desired parameter C,, (see eq. 2). The results
of these model calculations are summarized in
table 3.

3. Application to early events in vision

This model was used to interpret the thermal
behavior of the experimentally determined' rate
constant [13]. However, the insufficient amount of
experimental data and the large errors associated
with each point render any precise -correlation
between theory and experiment impracticable. We
decided to resolve this conflict by adopting a
semi-empirical approach and simply fitted the ob-
served rate to eq. 1. Two different sets of parame-
ters were obtained. The results of this fitting are
presented in table 4.

Comparison between tables 3 and 4 reveals
only semiquantitative agreement. The frequency
w, is the only parameter that remains unchanged
under deuterium substitution. The *H remaining
parameters show a clear isotope dependence:
Ae,o(*H) is about 25% less than Ade,, (‘H);
| Ci | 2(*H) is 1-3 orders of magnitude less than
|Cio 1 *("H); g,(*H) is less than g,('H). The rea-
son that the model predicts no isotopic frequency
shift is clear from eq. 17b. The effective bond
force constant K, is unaltered by deuteration (see
table 2) and K and m are fixed by assumption.
However, if hydrogens other than the translocat-
ing proton are exchanged for deuterons, the effec-

Table 4

Results of fitting eq. 1 to experimental rate data [13)

Fitting Isotope w,, [Ciol? gm Aegg p
(em™")y (erg?) (ecm™")

1 'H 382 011(—24)° 268 1200 41
2y 343 660(-27) 258 930 33
2 'H 269  1.94(-26) 077 277 139
2H 232 334(-28) 064 197 158

2 Numbers in parentheses indicate powers of ten by which
entry should be multiplied.



98 O.J. Riveros / Proton motion in double-well porential

tive mass (m) of groups A and B might well
increase upon deuteration. To realize the experi-
mental decrease of 8.6% in w, would require an
increase of about 150 a.m.u. for groups of mass
800.

4. Discussion

The model proposed here could be used to
support the idea of proton translocation to the
Schiff base as one of the primary steps of vision.
However, it can also be used to advocate the idea
of proton transfer within the protein (opsin ma-
trix) as suggested by various authors [5,9,15). We
cannot decide between these two alternatives be-
fore a more detailed knowledge of the potential-
energy surface for the protonic motion becomes
available. For example, the presence of the protein
environment may change the potential-energy bar-
rier or the hydrogen-bond distance. This may re-
sult in significant changes in some of the rate
parameters. )

Another interesting point apparent in table 3 is
the presence of a low-frequency vibration mediat-
ing the proton translocation (also present in table
4). This mode could be associated with a slow
vibrational motion of either all or a large portion
of the opsin matrix, since the chromophore mole-
cule is embedded in this protein. While this result
is specific for this model it supports the observa-
tion that low-frequency motions play an active
role in important biclogical functions [25,26].

The present model calculation did not take
account of anharmonicity effects. We noticed,
however, that for larger values of r,p, the heavy-
nuclear energy curves (fig. 3) start departing from
simple quadratic behavior. In this case, the
harmonic approximation invoked while arriving at
eq. 1 is valid only for small values of the displace-
ment A. This situation may indeed prevail here,
since the values of A computed from the model
are relatively small (see table 3). In any event, the
model presented here, although subject to
anharmonic corrections in its present form, allows
us to estimate reasonable orders of magnitudes
and trends for the molecular parameters in a
problem of prevailing interest.
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